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Number Representa,tion
Discussion 1: August 27, 2018
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If we have an n-digit unsigned numera,l dn—1dn—2...dp in radiz (or base) r, then
the value of that numeral is ;. 0 r‘dl, which is Just fancy notation to say that
instead of a 10°s or 100’s place we have an r’s or r?’s place. For the three radices,
binary, decimal, and hex, we just let r be 2, 10, and 16, respectively.
We don’t have calculators during exams, so let’s try this by hand. Recall that our
preferred tool for writing large numbers is the IEC prefixing system:
- Ki (Kibi) =2 . Gi (Gibi) =2%° . Pi (Pebi) =250 . Zi (Zebi) = 27
- Mi (Mebi) = 22¢ . Ti (Tebi) = 240 B (Exbi) = 2% = - ¥ {Yobi) = 2%
(a) Convert the following numbers from their initial radix into the other two com-
maon radices:
ey AED o ~
0610080012 — 147 — 0x93 Lt 2" 4 3. = 1 uuplbd 4’&8;' (7 7
f dh e LD speie — oy
Ry ‘ /2)63 -, 0bYI1 1111 = 0x3F T*’IC Wohma §4=20- 5150 somn o -1z o0lt ll{]
P rﬁ_ 4 — £ §
5[ 3. 0b00100100 — 36 — 0x21 1’“(’ ¥ = Iz A4S Jé
4. 0= 0b0 - SR GO e
e ) //}2/-}!6 \f"%XJ ){ / )2 e ?( )
\g 5. 39 = 0b0010 0111 = 0x27 I2¢/07
s !ﬂ;b’/% il % .5§-J*?7n33 _ézgf /19 3”::_)/ .;?,?z,{z,s
Lan [er om 437 = 0b0O01 1011 0101 = 0x1B5 o yAjex e Sl
Wi, . 0x0123 — 00 0001 0010 0011 = 3¢ % 4 ' .
'F':: o 7. Oxl 0b0000 0001 ( ) 291 ,2‘_0_;-,_ {ZS{_ bgv H?-%.}‘z 't‘é_{di ,_2_,,?!
(b) Convert the following numbers from hex to binary:
Gy Bt S g Ly o PR
(1) 0xD3AD — ob1101 0011 1010 1101 = 54189 Lt 2t T 42427 F 2752 b +2 #)
2, (a2 _1 % pies
2. 0xB33F = 0b1011 0011 0011 1111 = 45887 Z 4L 12 %2242 1 ’*1 ZOWL 2 -f’ = &
3. 0x7EC4 = 0b0111 1110 1300 0160 = 32452 ;" 6+L7 ﬂ/? ,; 1 + 2,“‘ 7 2 %2 1”-
= (¢) Write, the fonllowmcr numbere using IEC prcﬁxoc; | B
‘ 9 3 29
(140! L 2 = 22
L ‘ i- 216 —64Ki 20 227 —128Mi e 2% — 8 Ti 938 — 64 G
1) -
1yl Se2-16Gi o2 =2 B e 2% -wlzx _}1 1 2% = 256 Pi
18 30 ¢9, . 2
1 :irgée?', > ’L'f T 2— wl 2 Tf 4 2_4
* (d) erte the followmg numbers as powers of 2:
q .., ¢ U
Lt L BEYL 2
1e2Ki— 2! Le 512 Ki — 219 % 16 Mi — 22
j . ® 256 Pi= 28 ¢® 64 Gi= 296 . 128 B =207
17T Gl %
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[:_] Unsigned binary numbers work for natural numbers, but many calculatione mea
negative numbers as well. To deal with this, a number of ditterent schemes have
been used to represent signed numbers, but we will focus on two’s complement, as
it is the standard solution for representing signed integers.

e Most significant bit has a negative value, all others are positive. So the value
of an n-digit two’s complement number can be written as > . Z o= 21,

e Otherwise exactly the same as unsigned integers.

¢ A neat trick for flipping the sign of a two’s complement number: flip all the
bits and add 1.

e Addition is exactly the same as with an unsigned number.
e Onlv one 0. and it’s located at Ob(.

For questions (a) through (c), assume an 8-bit integer and answer each one for the 9 b 4’5 MO Jt
case of an unsigned number, biased number with a bias of -127, and two’s comple- !
ment number. Indicate if it cannot be answered with a specific representation. 5‘5‘? lg. s1dym® bos

2’
a) What is the largest integer? The largest integer’s representation + 17 gg
13 g 3

: - 2 8& numbix
Q@ 1. Unsigned? 255, 0

2. Biased? 128, - laf%‘f Numbls - ﬁ’“s" 1§g’727 2%

A @ 2, ECss
3. Two’s Complement? 127, -128 TwaS CMPES:J‘HL e g, Vggg’;ﬂ & 2
Flbl S P L ke fﬁ’ﬁffﬂ‘i. & Nvm é—é/
(b) How would you represent the numbers 0, 1, and -1?
&) (L{Af;g.-'?’ /C)D/QJM”L ﬁéjzw{mb‘& ﬂ/bmé«'r‘
1. Unsigned? 0b0000 0000, ObOO0O 0001, N/ \ M V’tI

s _

:}(—-F WA= 2. Biased? 0b0111 1111, 0b1000 ), 0b0111 111 ." -
b ase 0 . 0b1000 0000, 0 0 s ~ms"{ms— L’J} -(~Jl‘?) ZX; 5—(h*))

o X: il -bids 3. Two’s Complement? 0b0000. 0000, ObOO( 11)! 0001, (]‘[:1111&1‘1 ;
G ﬂ"?’«h/}
{(c) How would you represent 17 and -177, ’Qrﬂfma / 2T @ ‘f@ {2 Eri = (‘B&""{Z? -..-—l
) 7 0w or Pk oS ol dapd ) 7
Vo ¥ Wg{ 1. Unsigned? 0b0001 0001, N/A N=W41Z212 1 . gpoomel-> L e )= !f!i H{{
AL 2. Biased? 0b1001 0000, 0b0110 1110 1+ (F)= ¥ lf -H-P;LTM PR =
% o

t 7..—~
( ) g 11’1 g esente aﬂ;y enCO lng sC eme\ 1} ! [ [9 ! ! 9

that only uses 8 bits?
<11 =1 X g1t ”_Mw” .

There is no such integer. For example, an arbitrary 8-bit mapping could choose

to represent the numbers from 1 to 256 instead of 0 to 255.

{e) Prove that the two’s complement inversion trick is valid (i.e. that z and Z+ 1
sum to 0).

Note that for any = we have z + 7 = 0bl...1. A straightforward hand calcu-
lation shows that Obl...1 4+ 0bl = 0.
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(f) Explain where each of the three radices shines and why it is preferred over

other bases in a given context.

Decimal is the preferred radix for human hand calculations, likely related to

the fact that humans have 10 fingers.

Binary numerals are particularly useful for computers. Binary signals are less
likely to be garbled than higher radix signals, as there is more distance (volt-
age or current) between valid signals. Additionally, binary signals are quite

convenient to design circuits with, as well see later in the course.

Hexadecimal numbers are a convenient shorthand for displaying binary num-
bers, owing to the fact that one hex digit corresponds exactly to four binary
digits.
) Go Over?
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Bitstrings can be used to represent more than just numbers. In fact, we use bit-
strings to represent everything inside a computer. And, because we don’t want to
be wasteful with bits it is important that to remember that n bits can be used to
represent 2" distinct things. For each of the following questions, answer with the
minimum number of bits possible.

(a) How many bits do we need to represent a variable that can only take on the

values 0, 7 or e? i bﬂ' e ﬁp #57n
9 = birs = vfcz’bﬂ'h'?}'\_f

(b) If we need to address 3 TiB of memory and we want to address every byte of /‘,@ - Z e
memory, how long does an address need to be? H

- V3 89350 2523 50 2, 249 £ 47

42 bits - o "

o we need tobe able 4o hale af !l:a%f “ ! :g/ ? 2
(¢) If the only value a variable can take on is e, how many bits are needed to 2 T(rB ?:»('Wm Fuge . 0 2
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